We introduce new consistent and scale-free goodness-of-fit tests for the exponential distribution based on Puri-Rubin characterization. For the construction of test statistics we employ weighted L 2 distance between V -empirical Laplace transforms of random variables that appear in the characterization. The resulting test statistics are degenerate Vstatistics with estimated parameters. We compare our tests, in terms of the Bahadur efficiency, to the likelihood ratio test, as well as some recent characterization based goodness-of-fit tests for the exponential distribution. We also compare the powers of our tests to the powers of some recent and classical exponentiality tests. In both criteria, our tests are shown to be strong and outperform most of their competitors.
Introduction
The exponential distribution is one of most widely studied distributions in theoretical and applied statistics. Many models assume exponentiality of the data. Ensuring that those models can be used is of a great importance. For this reason, a great variety of goodness of fit tests for the particular case of the exponential distribution, have been proposed in literature.
Different construvtions have been used to build test statistics. They are mainly based on empirical counterparts of some special properties of the exponential distribution. Some of those tests employ properties connected to different integral transforms such as: characteristic functions (see e.g. [9] , [10] , [12] ); Laplace transforms (see e.g. [11] , [16] , [19] ); and other integral transforms (see e.g. [17] , [20] ). Other properties include maximal correlations (see [7] , [8] ), entropy (see [1] ), etc.
The simple form of the exponential distribution gave rise to many equidistribution type characterizations. The equality in distribution can be expressed in many ways (equality of distribution functions, densities, integral transforms, etc.). This makes them suitable for building different types of test statistics.
Such tests have become very popular in recent times, as they are proven to be rather efficient. Tests that use U-empirical and V-empirical distribution functions, of integral-type (integrated difference) and supremum-type, can be found in [28] , [33] , [15] , [23] , [21] , [25] . A class of weighted integral-type tests that uses U-empirical Laplace transforms is presented in [22] .
Motivated by the power and efficiency of those tests, here we create a similar test based on an equidistribution characterization. The test statistics measure the distance between two V-empirical Laplace transforms of the random variables that appear in the characterization, but, for the first time, using weighted L 2 -distance. This guarantees the consistency of the test against all alternatives. The paper is organized as follows. In Section 2 we introduce the test statistics and derive their asymptotic properties. In Section 3 we calculate the approximate Bahadur slope of our tests, for different close alternatives, and inspect the impact of the tuning parameter to the efficiencies of the test. We also compare the proposed tests to their recent competitors, via approximate local relative Bahadur efficiency. In Section 4 we conduct a power study. We obtain empirical powers of our tests, against different common alternatives, and compare them to some recent and classical exponentiality tests. We also apply an algorithm for data driven selection of tuning parameter and obtain the corresponding powers in small sample case.
Test statistic
Puri and Rubin [30] proved the following characterization theorem.
Characterization 2.1. Let X 1 and X 2 be two independent copies of a random variable X with pdf f (x). Then X and |X 1 − X 2 | have the same distribution, if and only if for some λ > 0, f (x) = λe −λx , for x ≥ 0.
Let X 1 , X 2 , ..., X n be independent copies of a non-negative random variable X with unknown distribution function F . We consider the transformed sample Y i =λX i , i = 1, 2.., n., whereλ is the reciprocal sample mean. For testing the null hypothesis H 0 : F (x) = 1 − e −λx , λ > 0, in view of the characterization 2.1, we propose the following family of test statistics, depending on the tuning parameter a > 0,
where
In order to explore the asymptotic properties we rewrite (1) as
whereλ =X −1 is a consistent estimator of λ. Let's focus, for a moment, on M n,a (λ), for a fixed λ > 0. Notice that M n,a (λ) is a V -statistic with kernel h. Moreover, under the null hypothesis its distribution does not depend on λ, so we may assume λ = 1. It is easy to show that its first projection on a basic observation is equal to zero. After some calculations, one can obtain its second projection given bỹ
,
t dt is the exponential integral. The functionh 2 is nonconstant for any a > 0. Its plot, for a = 1, is shown in Figure 1 . Hence, the kernel h is degenerate with degree 2. The asymptotic distribution of M n,a (λ) is given in the following theorem. Theorem 2.2. Let X 1 , ..., X n be i.i.d. sample with distribution function F (x) = 1 − e λx for some λ > 0. Then
where {δ k } are the eigenvalues of the integral operator M a defined by
and {W k } is the sequence of i.i.d standard Gaussian random variables.
Proof. Since the kernel h is bounded and degenerate, from the theorem for the asymptotic distribution of U-statistics with degenerate kernels [18, Corollary 4.4.2] , and the Hoeffding representation of V -statistics, we get that, M n,a (1), being a V -statistic of degree 2, has the asymptotic distribution from (2). Hence, it suffices to show that M n,a (λ) and M n,a (1) have the same distribution.
Our statistic M n,a (λ) can be rewritten as
Here V n (λ) is a V -statistic of order 2 with estimated parameter, and kernel g(X i1 , X i2 , t, a;λ).
Since the function g(x 1 , x 2 , t, a; γ) is continuously differentiable with respect to γ at the point γ = λ, the mean-value theorem gives us
for some λ * is between λ andλ.
Using the Law of large numbers for V-statistics [32, 6.4.2.], we have that
converges to
is stochastically bounded, we conclude that statistics √ nV n (λ) and √ nV n (1) are asymptotically equally distributed. Therefore, nM n,a (λ) and nM n,a (1) will have the same limiting distribution, which completes the proof.
Local Approximate Bahadur efficiency
One way to compare tests is to calculate their relative Bahadur efficiency. We briefly present it here. For more details we refer to [4] and [26] . For two tests with the same null and alternative hypotheses, H 0 : θ ∈ Θ 0 and H 1 : θ ∈ Θ 1 , the asymptotic relative Bahadur efficiency is defined as the ratio of sample sizes needed to reach the same test power, when the level of significance approaches zero. For two sequences of test statistics, it can be expressed as the ratio of Bahadur exact slopes, functions proportional to exponential rates of decrease of their sizes, for the increasing number of observations and a fixed alternative. The calculation of these slopes depends on large deviation functions which are often hard to obtain. For this reason, in many situations, the tests are compared using the approximate Bahadur efficiency, which is shown to be a good approximation in the local case (when θ → ∂Θ 0 ).
Suppose that T n = T n (X 1 , ..., X n ) is a test statistic with its large values being significant. Let the limiting distribution function of T n , under H 0 , be F T , whose tail behavior is given by log(1 − F T (t)) = − (1)), where a T is positive real number, and o(1) → 0 as t → ∞. Suppose also that the limit in probability lim n→∞ T n / √ n = b T (θ) > 0 exists for θ ∈ Θ 1 . Then the relative approximate Bahadur efficiency of T n , with respect to another test statistic V n (whose large values are significant), is
are approximate Bahadur slopes of T n and V n , respectively.
We may suppose, without loss of generality, that Θ 0 = {0}. Consequently, the approximate local relative Bahadur efficiency is given by
Let G = {G(x, θ), θ > 0} be a family of alternative distribution functions such that G(x, θ) = 1 − e −λx , for some λ > 0, if and only if θ = 0, and the regularity conditions for V-statistics with weakly degenerate kernels from [27, Assumptions WD] are satisfied.
The logarithmic tail behaviour of the limiting distribution of M n,a (λ), under the null hypothesis, is derived in the following lemma.
Lemma 3.1. For the statistic M n,a (λ) and the given alternative density g(x, θ) from G, the Bahadur approximate slope satisfies the relation
, where b M (θ) is the limit in P θ probability of M n,a (λ), and δ 1 is the largest eigenvalue of the sequence {δ k } from 2.2.
Proof. Using the result of Zolotarev [35] , we have that the logarithmic tail behavior of limiting distribution function ofM n,a (λ) = nM n,a (λ) is
Therefore, we obtain that aM a = 1 6δ1 . The limit in probability
Inserting this into the expression for Bahadur slope, we complete the proof.
The limit in probability of our test statistic, under a close alternative, can be derived using the following Lemma.
Lemma 3.2. For a given alternative density g(x; θ) whose distribution belongs to G, we have that the limit in probability of the statistic M n,a (λ) is
SinceX converges almost surely to its expected value µ(θ), using the Law of large numbers for V -statistics with estimated parameters (see [13] ), we have that M n,a (λ) converges to
dG(x; θ).
We may assume that µ(0) = 1 due to the scale freeness of test statistic under the null hypothesis. After some calculations we get that b ′ M (0) = 0. Next, we obtain that
Expanding b M (θ) into the Maclaurin series we complete the proof.
To calculate the efficiency one needs to find δ 1 , the largest eigenvalue. Since we can not obtain it analytically, we use the following approximation, introduced in [6] .
It can be shown that δ 1 is the limit od the sequence of the largest eigenvalues of linear operators defined by (m + 1) 
when m tends to infinity and F (B) approaches 1.
In Table 1 , we present the largest eigenvalues for a =0.5, 1, 2 and 5, obtained using (4) with m = 4500 and B = 10. 
Efficiencies with respect to LRT
Lacking a theoretical upper bound, the approximate Bahadur slopes are often compared (see e.g. [19] ) to the approximate Bahadur slopes of the likelihood ratio tests (LRT), which are known to be optimal parametric tests in terms of Bahadur efficiency. Hence, we may consider the approximate relative Bahadur efficiencies against the LRT as a sort of "absolute" local approximate Bahadur efficiencies. We calculate it for the following alternatives:
• a Weibull distribution with density
• a Gamma distribution with density
• a Linear failure rate distribution with density
• a mixture of exponential distributions with negative weights (EMNW(β)) with density (see [14] )
It is easy to show that all densities given above belong to family G. The efficiencies, as functions of the tuning parameter a, are shown on Figures 2-5.
We can notice that the local efficiencies range from reasonable to high, and for some values of a they are very high. Also, their behaviour with respect to the tuning parameter a is very different. In the cases of Weibull and Linear failure rate alternatives (Figures 2 and 4) , they are increasing functions of a, while in the Gamma case (Figure 3) , the function is decreasing. In the case of EMNW(3) (Figure 5 ), the efficiencies increase up to a certain point and then decrease.
Comparison of efficiencies
In this section, we calculate the local approximate Bahadur relative efficiency of our tests against some recent, characterization based integral-type tests, for the previously mentioned alternatives. The characterizations are of the equidistribution type and take the following form. 
if and only if F (x) = 1 − e −λx , for some λ > 0. Notice that the Puri-Rubin characterization is an example of such characterizations.
The first class of competitor tests consists of the integral-type tests with test statistic
where G n (t) are V -empirical distribution functions of ω 1 and ω 2 , respectively.
In particular, we consider the following integral-type test statistics:
n,k , proposed in [15] , based on the Arnold and Villasenor characterization, where [3] , [24] );
• I (2) n , proposed in [23] , based on the Milošević-Obradović characterization, where ω 1 (X 1 , X 2 ) = max(X 1 .X 2 ) and ω 2 (X 1 , X 2 , X 3 ) = min(X 1 , X 2 )+X 3 (see [24] );
n , proposed in [21] , based on the Obradović characterization, where [29] );
• I (4) n , proposed in [33] , based on the Yanev-Chakraborty characterization, where ω 1 (X 1 , X 2 , X 3 ) = max(X 1 , X 2 , X 3 ) and ω 2 (X 1 , X 2 , X 3 ) = X1 3 + max(X 2 , X 3 ) (see [34] ).
We also consider integral-type tests of the form
n (t) are V -empirical Laplace transforms of ω 1 and ω 2 , respectively. This approach has been originally proposed in [22] . There, particular cases of Desu characterization, with ω 1 (X 1 ) = X 1 and ω 2 = 2 min(X 1 , X 2 ), and Puri-Rubin characterization were examined. We denote the corresponding tests statistics with J D n,a and J P n,a , respectively. The results are presented in Table 2 . We can notice that in most cases tests that employ V -empirical Laplace transforms are more efficient than those based on V -empirical distribution functions. On the other hand, new tests are comparable with J P n,a and more efficient than J D n,a . 
Power study
In this section we compare the empirical powers of our tests with those of some common competitors, listed in [12] and [22] . The Monte Carlo study is done for small sample size n = 20 and the moderate sample size n = 50, with N = 10000 replicates, for level of significance α = 0.05.
The powers are presented in Tables 3 and 4 . The labels used are identical to the ones in [12] and [22] . 5. determine the empirical power of the test for every a, i.e.
I{M j,ai ≥Č n,ai (α)}, i = 1, ..., k;
6. for the next calculationâ = argmax a∈{a1,...,a k }P a will be used.
The critical valueČ n,â is determined using the Monte Carlo procedure with N 1 replicates. Then, the empirical power of the test is determined based on the new sample from the alternative distribution
The previously described procedure is being repeated n times and the average value is taken as the estimated power:
The results are presented in Table 5 and 6. The numbers in the parentheses represent the percentage of times that each value of a equaled the estimated optimal one. It is important to note that this bootstrap powers are comparable to the maximum achievable power for the tests calculated over a grid of values of the tuning parameter. 
Real data examples
In this section we apply our tests to two real data examples.
The first data set represents inter-occurrence times of the British scheduled data, measured in number of days and listed in the order of their occurrence in time (see [31] Applying the algorithm for data-driven tuning parameter we getâ = 1. The value of the test statistic M 31,1 is 6.07 × 10 −4 , and the corresponding p-value is 0.49, so we cannot reject exponentiality in this case.
The second data set represents failure times for right rear breaks on D9G-66A Caterpillar tractors (see [5] Here we getâ = 0.5. The value of the test statistic M 107,0.5 is 0.0239, and the corresponding p-value is less than 0.0001, so our test rejects the null exponentiality hypothesis.
Conclusion
In this paper we propose new consistent scale-free exponentiality tests based on Puri-Rubin characterization. The proposed tests are shown to be very efficient in Bahadur sense. Moreover, in small sample case, the tests have reasonable to high empirical powers. They also outperform many recent competitor tests in terms of both efficiency and power, which makes them attractive for use in practice.
